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• Partial Derivatives

• Directional Derivatives

• Gradient

Overview
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Chain Rule

Productivity

Labor (L) Capital (K) Resources (R)

Unemployment (u) Interest rate (i) Time (t)
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Theorem

Let 𝑧 be a differentiable function of 𝑥 and 𝑦 on its domain, where 𝑥 and 𝑦 are differentiable functions of 𝑡 on 

an interval 𝐼. Then

𝑑𝑧

𝑑𝑡
=

𝜕𝑧

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑧

𝜕𝑦

𝑑𝑦

𝑑𝑡

𝑧 = 𝑓 𝑥 𝑡 , 𝑦 𝑡  

𝑧: dependent variable

𝑡: sole independent variable

𝑥 and 𝑦: intermediate variables

Chain Rule (One Independent Variable)

𝑥 and 𝑦 depend 

only on 𝑡

𝑧 is a function of 

both 𝑥 and 𝑦 
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𝑑𝑧

𝑑𝑡
=

𝜕𝑧

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑧

𝜕𝑦

𝑑𝑦

𝑑𝑡

Chain Rule (One Independent Variable)

𝑧

𝜕𝑧

𝜕𝑥

𝑥 𝑦

𝑡 𝑡

𝜕𝑧

𝜕𝑦

𝑑𝑥

𝑑𝑡

𝑑𝑦

𝑑𝑡
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Example

Let 𝑧 = 𝑥2 − 3𝑦2 + 20, where 𝑥 = 2𝑐𝑜𝑠𝑡 and 𝑦 = 2𝑠𝑖𝑛𝑡.

a) Find 
𝑑𝑧

𝑑𝑡
 and evaluate it at 𝑡 =

𝜋

4
.

b) Interpret the result geometrically. 

Chain Rule (One Independent Variable)
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Theorem

Let 𝑧 be a differentiable function of 𝑥 and 𝑦 on its domain, where 𝑥 and 𝑦 are differentiable functions of 

𝑠 and 𝑡. Then

𝜕𝑧

𝜕𝑠
=

𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑠
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑠
 and 

𝜕𝑧

𝜕𝑡
=

𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑡
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑡

Chain Rule (Two Independent Variables)
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𝜕𝑧

𝜕𝑠
=

𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑠
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑠
 and 

𝜕𝑧

𝜕𝑡
=

𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑡
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑡

Chain Rule (Two Independent Variables)

𝑧

𝜕𝑧

𝜕𝑥

𝑥 𝑦

𝑠 𝑠

𝜕𝑧

𝜕𝑦

𝜕𝑥

𝜕𝑠

𝑡 𝑡

𝜕𝑥

𝜕𝑡

𝜕𝑦

𝜕𝑠

𝜕𝑦

𝜕𝑡
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Example

Let 𝑧 = 𝑠𝑖𝑛2𝑥𝑐𝑜𝑠3𝑦, where 𝑥 = 𝑠 + 𝑡 and 𝑦 = 𝑠 − 𝑡.

Evaluate
𝜕𝑧

𝜕𝑠
 and 

𝜕𝑧

𝜕𝑡
.

Chain Rule (Two Independent Variables)
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• Let (𝑎, 𝑏, 𝑓(𝑎, 𝑏)) be a point on the surface 𝑧 = 𝑓(𝑥, 𝑦) and let 𝑢 be a unit vector in the 𝑥𝑦-plane. 

• Our aim: find the rate of change of 𝑓 in the direction 𝑢 at 𝑃0(𝑎, 𝑏).

• This rate of change is a combination of 𝑓𝑥(𝑎, 𝑏) and 𝑓𝑦(𝑎, 𝑏) .

Directional Derivatives



Definition

Directional Derivatives

Let 𝑓 be differential at (𝑎, 𝑏) and let

𝑢 = ൻ𝑢1, ۧ𝑢2 be a unit vector in the 𝑥𝑦-plane.

The directional derivative of 𝑓 at (𝑎, 𝑏) in the 

direction of 𝑢 is

𝐷𝑢𝑓 𝑎, 𝑏 = lim
ℎ→0

𝑓 𝑎 + ℎ𝑢1, 𝑏 + ℎ𝑢2 − 𝑓(𝑎, 𝑏)

ℎ
,

provided the limit exists. 
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Theorem

Let 𝑓 be differentiable at (𝑎, 𝑏) and let 𝒖 = ൻ𝑢1, ۧ𝑢2  be a unit vector in the 𝑥𝑦-plane. 

The directional derivative of 𝒇 at (𝒂, 𝒃) in the direction of u is

𝐷𝑢𝑓 𝑎, 𝑏 = ൻ𝑓𝑥 ൿ𝑎, 𝑏 , 𝑓𝑦(𝑎, 𝑏) ∙ ,𝑢1ۦ ۧ𝑢2 .

Directional Derivatives



Example

Directional Derivatives

Consider the paraboloid z = 𝑓 𝑥, 𝑦 =
1

4
𝑥2 + 2𝑦2 + 2. 

Let 𝑃0 be the point (3, 2) and consider the unit vectors

 𝒖 = ർ
1

2
, ඀

1

2
 and 𝒗 = ർ

1

2
, ඀−

3

2
.

• Find the directional derivative of 𝑓 at 𝑃0 in the 

directions of 𝑢 and 𝑣.

• Graph the surface and interpret the directional 

derivatives.
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Definition

Let 𝑓 be differentiable at the point (𝑥, 𝑦). The gradient of 𝑓 at (𝑥, 𝑦) is the vector-valued function

∇𝑓 𝑥, 𝑦 = ൻ𝑓𝑥 ൿ𝑥, 𝑦 , 𝑓𝑦(𝑥, 𝑦) = 𝑓𝑥 𝑥, 𝑦  𝒊 + 𝑓𝑦 𝑥, 𝑦  𝒋.

Gradient Vector
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Example

Let 𝑓 𝑥, 𝑦 = 3 −
𝑥2

10
+

𝑥𝑦2

10
.

a) Compute ∇𝑓(3, −1).

b) Compute 𝐷𝑢𝑓(3, −1), where 𝑢 = ർ
1

2
, ඀−

1

2
.

c) Compute the directional derivative of 𝑓 at (3, −1) in the direction of the vector 3ۦ, ۧ4 .

Gradient Vector
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Theorem

Let 𝑓 be differentiable (𝑎, 𝑏) with ∇𝑓 𝑎, 𝑏 ≠ 0.

• 𝑓 has its maximum rate of increase at (𝑎, 𝑏) in the direction of the gradient ∇𝑓(𝑎, 𝑏). The rate of change 

in this direction is |∇𝑓(𝑎, 𝑏)|.                                                                                                                            

• 𝑓 has its maximum rate of decrease at (𝑎, 𝑏) in the direction of −∇𝑓(𝑎, 𝑏). The rate of change in this 

direction is −|∇𝑓(𝑎, 𝑏)|.                                

• The directional derivative is zero in any direction orthogonal to ∇𝑓 𝑎, 𝑏 .

Interpretations of the Gradient
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Example

Consider the bowl-shaped paraboloid 𝑧 = 𝑓(𝑥, 𝑦) = 4 + 𝑥2 + 3𝑦2.                                                          

a) If you are located on the paraboloid at the point (2, −
1

2
,

35

4
), in which direction should you move in order 

to ascend on the surface at the maximum rate? What is the rate of change?

b) If you are located at the point (2, −
1

2
,

35

4
), in which direction should you move in order to descend on the 

surface at the maximum rate? What is the rate of change?        

c) At the point (3, 1, 16), in what direction(s) is there no change in the function values?

Interpretations of the Gradient
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Thank you!
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