Partial Derivatives

Exercise 1 Find the first partial derivatives of the following functions.

a) f(ay) =32y +2 d) f(zy) = ey

w
b) flzy) = eV ¢) flwz) =57
¢) g(z,y) = cos2zxy f) G(st) = ﬂ

Exercise 2 Find the four second partial derivatives of the following functions.

a) h(zy) =2° +ay® +1 ¢) glay) =y’sindx
b) flxy) = a?y? d) p(uw) =In(u® +v* + 4)

Exercise 3 Verify that fry = fyz for the following functions.
a) f(ay) =32y~ — 227"y b) f(zy) = /Ty

Exercise 4 Find the first partial derivatives of the following functions.

a) g(w,y,2) = 22%y — 3x2* + 10y%22 c) G(r,s,t) =/rs+rt+ st
u
b) F(uv,w) = o+ w d) g(w,z,y,z) = cos(w + x) sin(y — 2)

Exercise 5 Find the following derivatives.

dz

z
a) e where x2 + 13, v =12, and y =t d) e where z = x%y — 23, x = 12, and
_ 42
dz , ) y=t
b) e where z = xy?, c=t>, andy =t
dZ . 9 dZ
c) e where z = zsiny, ¥ = t°, and ¢) = where z = V2 + 82, 1 = cos 2t and
y = 4t° s =sin2¢t

Exercise 6 The volume of a right circular cylinder with radius r is and height of h is
V = nr2h.

a) Assume that r and h are functions of t. Find V'(t).
b) Suppose r = et and h = e, fort > 0. Use part (a) to find V'(t).

¢) Does the volume of the cylinder in part (b) increase or decrease as t increases?



Exercise 7 Find the following derivatives.
a) zs and z, where z = vy — 2%y, v =s5+t, andy = s — t

b) zs and z;, where z =sinxcos2y, t =s+t, andy =s—t

T —2z
c) ws and wy, where ,x=8+t,y=st,andz=s—1
Y+ =z

Directional Derivatives and the Gradient

Exercise 8 Compute the gradient of the following functions and evaluate it at the given
point P.

CL) f(xay) =2+ 3.’1)‘2 - 5y2; P(27 _1) d) f(xuy) = ermy; P(].,O)

b) g(z.y) = 2% — 4o’y — 8ay?; P(~1,2)  e) f(zy) =sin(3z + 2y); P(m,3m/2)

¢) plzy) = /12 = 4a® — y*; P(-1,1) f) h(zy) = (1 +2* +2y%); P(2,-3)
Exercise 9 Compute the directional derivative of the following functions at the given

point P in the direction of the given vector. Be sure to use a unit vector for the direction
vector.

) So) = =25 P(-L =3 (1-1)

{(-3)
27 2
¢) g(z.y) = sinm(2z —); P(—1,—1); <153, >

"

d) f(zy) = /24— 22 — 2y; P(2,—2); 1525>
e) f(xzy) =13e"; P(1,0); (5,12)
f) h(zy) =In(4 + 2% + y?); P(—1,2); (2,1)

b) f(a,y) =10 — 322 +— P(2,-3)

Exercise 10 Consider the following functions and points P.

o Find the unit vectors that give the direction of steepest ascent and steepest descent
at P.

e Find a vector that points in a direction of no change in the function at P.

a) f(zy) =22 —4y> - 9; P(1,-2)



b) f(xay) = 33'4 - 51323/ + y2 + 67' P(_la 1)

Exercise 11 A function f(x,y) = 10 — 222 — 3y? and a point P(3,2) are given. Let 0
correspond to the direction of the directional derivative.

a) Find the gradient and evaluate it at P.

b) Find the angles 6 (with respect to the positive x-axis) associated with the directions
of maximum increase, mazimum decrease, and zero change.

c¢) Find the angles 6 (with respect to the positive x-axis) associated with the directions
of maximum increase, mazimum decrease, and zero change.

d) Find the value of 0 that mazximizes g(0) and find the mazimum value.

e) Verify that the value of 0 that mazimizes g corresponds to the direction of the gradient.
Verify that the maximum value of g equals the magnitude of the gradient.



