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Matrices

@ Definition (Matrix, Dimension). A matrix is a rectangular array of (most) real numbers

like
1 2 123
A=(_§'Sg) or B=(\/E45)
7 8 -323

The number of rows and columns defines the dimension (4 X 2 and 3 X 3 in the above
example) and we write

AeR*™? and BeR¥>
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Matrices

@ Definition (Matrix, Dimension). A matrix is a rectangular array of (most) real numbers like

L 2 123
Az(‘é's‘z‘) or B:(x@45)
7 8 -323

The number of rows and columns defines the dimension (4 X 2 and 3 X 3 in the above
example) and we write

AeR¥ and BeR¥3

@ A vector can be seen as a R”*1 matrix
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Matrices

@ Definition (Matrix, Dimension). A matrix is a rectangular array of (most) real numbers like
1.2 123
A=|"133] or B=|v24s
7 8 -323

The number of rows and columns defines the dimension (4 X 2 and 3 X 3 in the above
example) and we write

AeR¥ and BeR¥

@ A vector can be seen as a R”*! matrix
@ A matrix can be seen as a mapping/function, e.g. in the above example

A: {1,2,3,4) x (1,2} > R with (i, /) > A, j) = a;;

Eg. A1,1)=1, A(1,2)=2, A2,1)=-1.5,
The first index is correlated to the row, the second to the column
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Matrices

o If number of rows is equal to number of columns, the matrix is called quadratic

00 0
0 D = 0 0
0 o [0
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Matrices

@ If number of rows is equal to number of columns, the matrix is called quadratic
o Null Matrix N € R™*" with N(i, j) =0

Hoo 00 Hoo
o Examples N=()3%) D=|oRBo Ko I=|{olo
0o0oH om ool
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Matrices

@ If number of rows is equal to number of columns, the matrix is called quadratic
@ Null Matrix N € R™" with N(i, j) =0

dii ifi=i
e Diagonal Matrix D € R"™*™ with D(i,j) ={ " nr=J andd;; € R
0 else
io 0 0 Hoo
o Examples N = ()39) 0B o D=|oRo I=|olo
00oH om ool
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Matrices

@ If number of rows is equal to number of columns, the matrix is called quadratic
@ Null Matrix N € R™" with N(i, j) =0
. . . . dij ifti=j
@ Diagonal Matrix D € R™ ™ with D(i, j) = 0 ’ ) andd;; € R
else

o Identity Matrix I € R™*™ diagonal matrix with 7(i,i) =1

0
o Examples N=(883) D=1|o 0
0
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Matrices

@ If number of rows is equal to number of columns, the matrix is called quadratic
@ Null Matrix N € R™" with N(i, j) =0

di;y ifi=j
0 else

@ Identity Matrix I € R™*™ diagonal matrix with 7(7,i) = 1

@ Diagonal Matrix D € R™" with D(i, j) = { andd;; €R

andtiJeIRi

t. .
e Upper Triangular Matrix T € R™*™  with T'(i, j) = { Old 1
else

()
S <o

4] 4] 0 Moo
o Examples T=|oBH| T=|oMH| L=|WH L={HH o

0 00
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Matrices

@ If number of rows is equal to number of columns, the matrix is called quadratic
@ Null Matrix N € R™" with N(i, j) =0

di ifi=i
@ Diagonal Matrix D € R™"™ with D(i,j) ={ nr=J andd;; €R
0 else
@ Identity Matrix I € R™*™ diagonal matrix with 7(7,i) = 1
: . . . tij ifi<j
@ Upper Triangular Matrix T € R"™  with T(i, j) = O’ | andt; ; € R
else
. . . ., G ifi<j
e Lower Triangular Matrix L € R™*™  with L(i, j) = 0 | and {; j € R
, else
4] 4] 00 Moo
o Examples T=|oBH| T=|oMBH| L=|WMHo L=|HHo
00 00
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N
Matrix Arithmetic

@ Definition (Addition, Subtraction). If matrices A and B have the same dimension we can
define the addition and subtraction component wise

(33)+(1%) = (45)
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N
Matrix Arithmetic

@ Definition (Addition, Subtraction). If matrices A and B have the same dimension we can
define the addition and subtraction component wise

(33)-(13)=(G2)

[ ST
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N
Matrix Arithmetic

@ Definition (Addition, Subtraction). If matrices A and B have the same dimension we can
define the addition and subtraction component wise

(33 -(%)=(2)

@ Pointwise multiplication/division is not common (although some software tools have
them implemented like MATLAB with . * or ./ or python with * or /
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N
Matrix Arithmetic

@ Definition (Addition, Subtraction). If matrices A and B have the same dimension we can
define the addition and subtraction component wise

(-G8 =032)

@ Pointwise multiplication/division is not common (although some software tools have them
implemented like MATLAB with . * or ./ or python with * or /

@ Definition (Multiplication with Scalar). Let s € IR be a scalar and A be a matrix, then the
multiplication s - A is defined by multiplying s to each component of A

23 5.2 5.3 10 15
5. (45) = (5-45-5) = (2025)
67 5.6 57 30 35
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N
Matrix Arithmetic

@ Definition (Matrix-Vector-Multiplication). If a matrix A € R™*" and a vector i € R"
are given the matrix-vector-multiplication is well defined and the result is a vector
v =A-u €R" with

7 (i) = iA(i,k) i (k)

k=1
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N
Matrix Arithmetic

@ Definition (Matrix-Vector-Multiplication). If a matrix A € R”*" and a vector u € R" are given
the matrix-vector-multiplication is well defined and the result is a vector v = A - ii € R” with

F() = ) AG, k) - ii(k)
k=1

o Example. Compute the matrix vector multiplication of A = (1%3) and i = (

Solution: (gg )

NN
e—
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N
Matrix Arithmetic

@ Definition (Matrix-Vector-Multiplication). If a matrix A € R”*" and a vector i € R" are given
the matrix-vector-multiplication is well defined and the result is a vector v = A - ii € R” with

V(i) = > A(, k) - ii(k)
k=1

@ Example. Compute the matrix vector multiplication of A = (i g 2) and i = (

)

o Example. You want to buy 2 breads, 3 milks, and 1 rice. Two stores have different prices
in Euro (bread, milk, rice): 3.00,1.20 and 2.50 in shop A and 2.80,1.50 and 2.30 in shop
B. Compute the basket costs with the help of matrix-vector-multiplication.

Solution: (131)

~aoWn

Solution: ( gg )

12.4
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N
Matrix Arithmetic

o Example. A matrix is given by R = (¢3¢ ~5n@) and a vector by & = (5 ). e is an
arbitrary angle. Find out the geometric interpretation (no proof) of the
matrix-vector-multiplication. Try e.g. @ = £ rad = 60° and & = (} ) and compute R - ii

and R - (R - i)

Discrete Mathematics and Algebra November 3, 2025 7139



N
Matrix Arithmetic

o Example. A matrix is given by R = (¢3¢ ~5n@) and a vector by & = (5 ). e is an

arbitrary angle. Find out the geometric interpretation (no proof) of the
matrix-VectOE-multiplication. Try e.g. @ = §rad = 60° and & = (}) and compute R - i
and R - (R - i)

Solution: R = % . ( ! _ﬁ),R-ﬁ = % . (%),R-R-ﬁ = % . (2%),r0tati0nby60°

2 \V3 1
counter-clockwise
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Aside - Polar Coordinates

@ A vector/point in R? can be represented in Cartesian Coordinates with the basis

1), (M}

i=(5)=7-(3)+5-(1)
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Aside - Polar Coordinates
@ A vector/point in R? can be represented in Cartesian Coordinates with the basis {(})., (?)}
i=(5)=7-(5)+5-(1)
o We have also seen different basis, e.g. S = {(1),(2)} and therefore
2
1

i=(3)=3-(1)+2-(1) = (3)s
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Aside - Polar Coordinates
@ A vector/point in R? can be represented in Cartesian Coordinates with the basis {(}), (9)}
i=(1)=7-()+5- (1)
@ We have also seen different basis, e.g. S = {( b, (%)} and therefore
i=(1)=3-(1)+2 ()= (3);
o Different approach: a vector/point is represented by its radius r and angle ¢, because
(5) = (5m) o
r and ¢ are called polar coordinates r and ¢ T

are uniquely determined by x and y except for y V<A AN
xX=y= 0 =>r= 0 and 7 arbitrary '“'S‘F x =71 Co8¢p
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N
Matrix Arithmetic

Back to rotation matrix:

rcosg

@ After rotation by angle a, a vector u = (, sin @

) is transformed to w = (i‘;’rf ((:Ig)) )
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N
Matrix Arithmetic

Back to rotation matrix:
r cos ¢

rsing

@ After rotation by angle «, a vector ii = ( rsin(g+a)

) is transformed to w = (’COS(wm) )

@ Angle sum identities

sin(p + @) = sin ¢ cos « + cos g sin @

cos(p + @) = cos g cos @ — sin p sin @
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N
Matrix Arithmetic

Back to rotation matrix:

rsin ¢

. - 7 Cos ¢
@ After rotation by angle «, a vector u = ( r sin(gp+a)

) is transformed to w = (”OS(‘P“’) )

@ Angle sum identities

sin(¢ + @) = sin g cos @ + cos g sina

cos(p +a) =cospcosa — sinpsina

@ Therefore

W= r cosp cosa—r singp sina _(cosa—sina) (rcosgo)_R i
— \ rsinpcosa+rcospsina | — \sine cosa rsing )] =
—
=:R
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N
Matrix Arithmetic

Back to rotation matrix:

rsin ¢

rcos(p+a)
rsin(@+a)

@ After rotation by angle a, a vector il = ( e ) is transformed to w = (

@ Angle sum identities

sin(¢ + @) = sinp cos @ + cos g sina

cos(p +a) =cospcosa — singsina

@ Therefore

W= 7 COS ¢ cos a@—r sin ¢ sin a _(cosa—sina/) 7 COS ¢ —R-ii
T\ rsingcosa+rcosgsina | — \sina cosa rsing | —
N e’
=R

@ We have proven: R - u defines a rotation by angle a (conter-clockwise)

Kimes: Discrete Mathematics and Algebra November 3, 2025 9/39




N
Matrix Arithmetic

@ Definition (Matrix-Matrix-Multiplication). If two matrices A € R‘*™ and B € R™*" are
given, the matrix-matrix-multiplication is well defined and the result is a matrix
C = A- B € RY*" with

C(i,j) = ), AG,k) - B(k, j)
k=1
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N
Matrix Arithmetic

@ Definition (Matrix-Matrix-Multiplication). If two matrices A € R**”" and B € R are

given, the matrix-matrix-multiplication is well defined and the result is a matrix
C=A-BeR™ with

CGij) = ) A k) - Bk, )
k=1

e C(i, j) is given by the scalar product of the i row of A and the j™ column of B

1 2 3 112 14 _ [ 98 104 110 116
OEHE) | 151688818 | = | 533 248 278
19 20 pAll 22
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N
Matrix Arithmetic

@ Definition (Matrix-Matrix-Multiplication). If two matrices A € R‘*”* and B € R"™*" are

given, the matrix-matrix-multiplication is well defined and the result is a matrix
C=A-BeR™ with

CGij) = ) Al k) - Bk, )
k=1

e C(i, ) is given by the scalar product of the i row of A and the j™ column of B

(

@ The matrix-matrix-multiplication is an extension of the matrix-vector-multiplication

N-

2 3y ! 12 [ 14 (98 104 110 116
H@) | 5o s | = 555 0 B 275
19 20 AN 22
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N
Matrix Arithmetic

@ Definition (Transposed Matrix). For a matrix A € R"*" we define the transposed
matrix B = AT € R"*™ by B(i,j) = A(j,i)

(123)7 =

(TS
[V FN
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N
Matrix Arithmetic

@ Definition (Transposed Matrix). For a matrix A € R”*"" we define the transposed matrix
B=AT e R by B(i, j) = A(j, i)

123\7 _ 14)
(43¢) —(gg

@ A squared matrix A € R™*™ js called symmetricif AT = A

(21" = (1)
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N
Matrix Arithmetic

Rules of arithmetic for matrices A and B and scalars A and u
e A+B=B+A
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N
Matrix Arithmetic

Rules of arithmetic for matrices A and B and scalars A and u
e A+B=B+A
¢ (A+B)+C=A+B+C()
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-
Matrix Arithmetic
Rules of arithmetic for matrices A and B and scalars A and u
e A+B=B+A
@ (A+B)+C=A+(B+C)
@ (A+B)"T=AT+B"T
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N
Matrix Arithmetic

Rules of arithmetic for matrices A and B and scalars A and u
e A+B=B+A
@ (A+B)+C=A+(B+C)
@ (A+B)"T=AT+BT
@ A+pu)-A=1-A+u-A
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N
Matrix Arithmetic

Rules of arithmetic for matrices A and B and scalars A and u
e A+B=B+A
@ (A+B)+C=A+(B+C)
@ (A+B)"T=AT+BT
@ (A+u)-A=2-A+u-A
o1:-(A+B)=A1-A+A1-B
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N
Matrix Arithmetic

Rules of arithmetic for matrices A and B and scalars A and u
e A+B=B+A
@ (A+B)+C=A+(B+C)
@ (A+B)"T=AT+BT
@ (A+u)-A=2-A+u-A
e 1-(A+B)=1-A+1-B
° (AT)T=A
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N
Matrix Arithmetic

Rules of arithmetic for matrices A and B and scalars A and u
e A+B=B+A
@ (A+B)+C=A+(B+C)
@ (A+B)T =AT+BT
@ (A+u)-A=2-A+u-A
@1-(A+B)=1-A+1-B

o (A7) =

eButA-B#B-A
(33)-03)=(58)  vut (13)-(}3) =2 not definea
(D-GD=G) e (GD-(D=(9)

Discrete Mathematics and Algebra November 3, 2025
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N
Matrix Arithmetic

Further Rules of arithmetic for matrices A and B and scalars A and u

@ A - B = N does not imply A is zero matrix or B is zero matrix

(11)-(1-1)=(5%)

s

Discrete Mathematics and Algebra November 3, 2025 13/39



N
Matrix Arithmetic

Further Rules of arithmetic for matrices A and B and scalars A and u

@ A - B = N does notimply A is zero matrix or B is zero matrix
11 1 1y=(00
(1 1)'(—1 —1) - (00)

@ A-I=1-A = A (neutral element)
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N
Matrix Arithmetic

Further Rules of arithmetic for matrices A and B and scalars A and u

@ A - B = N does notimply A is zero matrix or B is zero matrix
11 1 1y=(00
(1 1)'(—1 —1) - (00)

@ A-I=1-A = A (neutral element)
@ (A-B)T=BT-AT
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N
Matrix Arithmetic

Further Rules of arithmetic for matrices A and B and scalars A and u

@ A - B = N does notimply A is zero matrix or B is zero matrix
11 1 1y=(00
(1 1)'(—1 —1) - (00)

@ A-I=1-A = A (neutral element)
@ (A-B)T=BT-AT
@ (1-A)-B=A-(1-B)
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N
Matrix Arithmetic

Further Rules of arithmetic for matrices A and B and scalars A and u

@ A - B = N does notimply A is zero matrix or B is zero matrix
11 1 1y=(00
(1 1)'(—1 —1) - (00)

@ A-I=1-A = A (neutral element)
@ (A-B)T=BT-AT

@ (1-A)-B=A-(1-B)

@ (A-B)-C=A-(B-0C)
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N
Matrix Arithmetic

Further Rules of arithmetic for matrices A and B and scalars A and u

@ A - B = N does notimply A is zero matrix or B is zero matrix
(11)- (1) =(50)

@ A-I=1-A = A (neutral element)

@ (A-B)"=BT-AT

@ (1-A)-B=A-(1-B)

@ (A-B)-C=A-(B-0)
@A-(B+C)=A-B+A-C
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N
Matrix Arithmetic

Further Rules of arithmetic for matrices A and B and scalars A and u

@ A - B = N does notimply A is zero matrix or B is zero matrix
11 1 1y— (00
(1 1)'(—1 —1) - (00)

@ A-I=1-A = A (neutral element)
@ (A-B)T=BT-AT

@ (1-A)-B=A-(1-B)

@ (A-B)-C=A-(B-C)

@ A-(B+C)=A-B+A-C

e Ak =A.A....-A
—_—
k times

Discrete Mathematics and Algebra November 3, 2025 13/39



Linear Function

o A function f: R — Ris called linear iff f(x) = k - x where k € R
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Linear Function

@ A function f: R — Ris called linear iff f(x) = k - x where k € R
@ Linear functions have two characteristic properties for x,x,x,,1 € R:

fxr+x2) = f(x1) + f(x2)
fA-x)=Af(x)
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Linear Function

@ A function f: R — Ris called linear iff f(x) = k - x where k € R
@ Linear functions have two characteristic properties for x, x1,x2, 4 € R:

fxr+x2) = f(xr) + f(x2)
f-x)=Af(x)

o A function f: R — Ris called affine linear iff f(x) = k - x + d where k,d € R
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Linear Function

@ A function f: R — Ris called linear iff f(x) = k - x where k € R
@ Linear functions have two characteristic properties for x, x1,x2, 4 € R:

fxr+x2) = f(x1) + f(x2)
f-x)=Af(x)

@ A function f: R — R is called affine linear iff f(x) = k - x + d where k,d € R
o A function/mapping f : R" — R™ js call linear iff f = M - x, where M € R™*"
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Linear Function

o A function f: R — R is called linear iff f(x) = k - x where k € R
@ Linear functions have two characteristic properties for x, x1,x2, 4 € R:

fxr+x2) = f(x1) + f(x2)
fa-x)=af(x)

@ A function f: R — R is called affine linear iff f(x) = k - x + d where k,d € R
@ A function/mapping f: R" — R™ is call linear iff f = M - X, where M € R™*"
@ We again get for 1 € R and X, X1, X, € R":
fE+D) =M (Fi+5) =M -F1+M -3 = [ (%1)+ f (%)
fA-F)=M-(1-F)=2-M-F=2-f (%)
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Linear Function

@ A function f: R — Ris called linear iff f(x) = k - x where k € R
@ Linear functions have two characteristic properties for x, x1,x2, 4 € R:

flr+x2) = f(x1) + f(x2)
fA-x)=4f(x)

@ A function f: R — R is called affine linear iff f(x) = k - x + d where k,d € R

@ A function/mapping f: R" — R™ is call linear iff f = M - X, where M € R"™*"

@ We again get for 4 € R and X, X1, X, € R™:

FG+R) =M-(Ri+3) =M -3+ M-Fo=f () +f (%)
fFA-D)=M-A-H=2-M-T=21-f (X
@ A function/mapping f : R" — R™ is call affine linear iff f =M-xX+ (i, where M € R"™*"

m
andd e R
Discrete Mathematics and Algebra November 3, 2025 14/39



Linear Function

o Sometimes (especially at school) functions f(x) = k - x + d are called linear but this is a
problematic notation because the characteristic properties are not satisfied
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Linear Function

@ Sometimes (especially at school) functions f(x) = k - x + d are called linear but this is a
problematic notation because the characteristic properties are not satisfied

@ Linear and affine linear functions are the easiest functions, therefore we like them!
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Linear Function

@ Sometimes (especially at school) functions f(x) = k - x + d are called linear but this is a
problematic notation because the characteristic properties are not satisfied

@ Linear and affine linear functions are the easiest functions, therefore we like them!

@ They are used in many applications: linear elasticity, linear acoustics, linear regression,
linear optimization (linear programming), ...
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Linear Function

@ Sometimes (especially at school) functions f(x) = k - x + d are called linear but this is a
problematic notation because the characteristic properties are not satisfied

@ Linear and affine linear functions are the easiest functions, therefore we like them!

@ They are used in many applications: linear elasticity, linear acoustics, linear regression, linear
optimization (linear programming), . . .

@ Linear functions and therefore matrices are the key ingredients of linear algebra
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Linear Function

Sometimes (especially at school) functions f(x) = k - x + d are called linear but this is a
problematic notation because the characteristic properties are not satisfied

Linear and affine linear functions are the easiest functions, therefore we like them!

They are used in many applications: linear elasticity, linear acoustics, linear regression, linear
optimization (linear programming), . . .

Linear functions and therefore matrices are the key ingredients of linear algebra

Limits are the key ingredients of analysis (differentiation, integration)
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System of Linear Equations

@ Definition (System of Linear Equations). A system of linear equations (short linear
system) with known matrix A € R"*" Kknown vector f € R” but unknown vector
X € R" is given by

A-i=f

Discrete Mathematics and Algebra November 3, 2025 16/39



System of Linear Equations

@ Definition (System of Linear Equations). A system of linear equations (short linear system)

with known matrix A € R™*", known vector f € R™ but unknown vector X € R" is given by

Ai=f
@ 3 equations and 3 unknowns:

2-10 x 1 I: 2x-1y+0z=1
(1 2 —2)-()’) = (2) L3 II: 1x+2y-2z=2
0 1 z 3 II: 0x—1y+1z=3

16/39



-
System of Linear Equations

@ Definition (System of Linear Equations). A system of linear equations (short linear system)

with known matrix A € R™*" known vector f € R™ but unknown vector X € R" is given by

@ 3 equations and 3 unknowns:

Kimeswenger

A-Z=f

Discrete Mathematics and Algebra

2x-1y+0z=1
Ix+2y—-2z=2
Ox—1y+1z=3

2x—1y+0z=1

: Ix+2y-2z=2

November 3, 2025
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System of Linear Equations

@ Definition (System of Linear Equations). A system of linear equations (short linear system)
with known matrix A € R™*", known vector f € R™ but unknown vector X € R" is given by

@ 3 equations and 3 unknowns:

@ 3 equations and 2 unknowns
(i2)
12)-
0-1

Kimeswenger

B=(1)

Discrete Mathematics and Algebra

2x—1y+0z=1
1x+2y-2z=2

¢ Ox—1y+1z=3

2x-1y=1
1x+2y=2
0x-1y=3

November 3, 2025
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System of Linear Equations

Elementary row operations
@ Multiply an equation with scalar A # 0 is equivalent to the original equation, e.g. 2 -1

1A 2x-1y+0z B I 4x-2y+0z B
II:  1x+2y-2z = 2 < II:  1x+2y-2z = 2
mr: Ox-1ly+lz = 3 mr: Ox-1y+lz = 3
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System of Linear Equations

Elementary row operations
@ Multiply an equation with scalar A # 0 is equivalent to the original equation, e.g. 2 - I
O 1y+0z o2y +0, [

II:  1x+2y-2z 2 4 II:  1x+2y-2z 2
I: Ox-1ly+lz 3 I: Ox-—1ly+lz 3

@ Swapping two equations in a linear system is equivalent to the original linear system, e.g.

IO 2x-1y+0z B el 0x-1y+1z 8

Im:  Ix+2y-2z = 2 P> II:  1x+2y-2z = 2

NI 0x-1y+1zB IO 2x-1y+0z B

Discrete Mathematics and Algebra November 3, 2025 17/39



System of Linear Equations

Elementary row operations
@ Multiply an equation with scalar A # 0 is equivalent to the original equation, e.g. 2 - I

I x-1y+0z B4 1] T x-2y+0z 2]
II:  1x+2y-2z = 2 4 II:  1x+2y-2z = 2

I:  Ox—ly+lz

W

II: Ox—ly+lz = 3

@ Swapping two equations in a linear system is equivalent to the original linear system, e.g.

B0 x-1y+0z B NI Ox-1y+1z 8

Ir:  1x+2y-2z =2 = Im:  1x+2y-2z =2
NIl Ox-1y+1zB13] I8 0 x-1y-+0z|& 1]
@ Multiply an equation with scalar A and add the result to another equation is equivalent
to the original linear equation, e.g. add 4 - I to II
I: 2x-1y+0z

1| OO 1x+2y-27

II: Ox-1ly+l1z

Discrete Mathematics and Algebra November 3, 2025 17/39

I: 2x-1y+0z

1
S 1t 0x-2y-27
3

II: Ox-1ly+1z

1
@
3



System of Linear Equations

@ Definition (Row Echelon Form). A matrix is in row echelon form if
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System of Linear Equations

@ Definition (Row Echelon Form). A matrix is in row echelon form if
o All zero-rows are at the bottom

Discrete Mathematics and Algebra November 3, 2025 18/39



System of Linear Equations

@ Definition (Row Echelon Form). A matrix is in row echelon form if

o All zero-rows are at the bottom
o The leftmost non-zero entry of every non-zero row (called pivot), is to the right of the pivot
of every row above
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System of Linear Equations

@ Definition (Row Echelon Form). A matrix is in row echelon form if

o All zero-rows are at the bottom
o The leftmost non-zero entry of every non-zero row (called pivot), is to the right of the pivot of
every row above

o Examples of row echelon forms (pivots i and must zeros [1])

s 1 JP R Hos Hos
(Bgl). (oms|. (oms), |tom
oog/ \om.) \ooo
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System of Linear Equations

@ Definition (Row Echelon Form). A matrix is in row echelon form if

o All zero-rows are at the bottom
o The leftmost non-zero entry of every non-zero row (called pivot), is to the right of the pivot of
every row above

@ Examples of row echelon forms (pivots B and must zeros [1])

w5l 16)

3
)
000] 6| OJOR)

@ Solving linear systems in row echelon form is almost trivial
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System of Linear Equations

@ Definition (Row Echelon Form). A matrix is in row echelon form if

o All zero-rows are at the bottom
o The leftmost non-zero entry of every non-zero row (called pivot), is to the right of the pivot of
every row above

@ Examples of row echelon forms (pivots B and must zeros [1])

®a) (38a)- (38:)- (48)

(95}

@ Solving linear systems in row echelon form is almost trivial

@ Transform linear system to row echelon form by using elementary row operations
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System of Linear Equations

@ Definition (Row Echelon Form). A matrix is in row echelon form if

o All zero-rows are at the bottom
o The leftmost non-zero entry of every non-zero row (called pivot), is to the right of the pivot of
every row above

@ Examples of row echelon forms (pivots B and must zeros [1])

Ba:) (88a)- (§6:)- (B8

N

@ Solving linear systems in row echelon form is almost trivial

@ Transform linear system to row echelon form by using elementary row operations

o Instead of e.g. (%%) . (;‘) = (ch;) we use notation (§§|Jf2)

Discrete Mathematics and Algebra November 3, 2025
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System of Linear Equations
o Example. Solve

(§25)-()=(3)

Solution: x = 8,y = 15 and z = 18 (unique solution)
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System of Linear Equations

@ Example. Solve

Solution: x =8,y = 15 and z = 18 (unique solution)
o Example. Solve

(173)-()=0)

Solution: 1. ( ) with s € R (infinitely many solutions, one degree of freedom dof)

5

SWh

RN

N
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System of Linear Equations

o Example. Solve

,—\
9 b= N
|
ol
11
Y
N —
.
—
Ni< ®
—
—
o=
—

Solution: no solution
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System of Linear Equations

@ Example. Solve

Solution: no solution
o Example. Solve

(123)-(3) = (¥)

28 -1
Solution: ( —09) +5- ( o 1 ) with s € R (infinitely many solutions, one dof)
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System of Linear Equations

@ Example. Solve

Solution: no solution

@ Example. Solve
X
(129 (3)=(9)

Solution: ( %(?)) +5- ( :1} ) with s € R (infinitely many solutions, one dof)

o Example. Solve
(123)-(2) = (10)

10 -2 -3
Solution: ( (% ) +5- ( (1) ) +1- ( (1) ) with s, ¢ € R (infinitely many solutions, two dofs)

Discrete Mathematics and Algebra November 3, 2025
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System of Linear Equations

@ The above strategy can always be applied and is called Gaussian elimination

Discrete Mathematics and Algebra November 3, 2025 21/39



System of Linear Equations

@ The above strategy can always be applied and is called Gaussian elimination

@ Gauss elimination is a robust and fast algorithm
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System of Linear Equations

@ The above strategy can always be applied and is called Gaussian elimination
@ Gauss elimination is a robust and fast algorithm

@ For really large linear systems, e.g. 1000 000 unknowns we have to use special properties
of the matrix if possible (symmetric, positive definite, sparse, etc.)
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System of Linear Equations

@ The above strategy can always be applied and is called Gaussian elimination

@ Gauss elimination is a robust and fast algorithm

@ For really large linear systems, e.g. 1000000 unknowns we have to use special properties of
the matrix if possible (symmetric, positive definite, sparse, etc.)

@ Gauss elimination can also be applied to

o find a basis and the corresponding dimension of a subset of vectors (not here)
o compute the inverse matrix (later)
o compute the determinant (later)

Discrete Mathematics and Algebra November 3, 2025 21/39



Inverse Matrix

@ For a scalar A # 0 there exists another scalar g suchthat - y=pu-1=1
Only solution is y = %
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Inverse Matrix

@ For a scalar A # O there exists another scalar u suchthat - py=pu-41=1
Only solution is u = %

@ Definition (Inverse Matrix, Regular, Irregular). Let A € R™*™ be given. If there exists
another matrix B € R™*™ such that

A-B=B-A=1¢eR"*m

the matrix B is called the inverse matrix of A and we write B = A~1. If A~! exists, A is
called regular, irregular otherwise.
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Inverse Matrix

@ For a scalar A # 0 there exists another scalar u such thatd - y=pu-4=1
Only solution is y = %

@ Definition (Inverse Matrix, Regular, Irregular). Let A € R™*" be given. If there exists
another matrix B € R”*" such that

A-B=B-A=1eR™™

the matrix B is called the inverse matrix of A and we write B = A~!. If A~! exists, A is called
regular, irregular otherwise.

@ The inverse matrix is unique: Assume B and C are inverse matrices of A, then there
holds

B=B-A-C=B-AC=C = B=C
—— S
=1 =1
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Inverse Matrix

Rules of inverse matrix

@ I'V =TIbecauseI-I1=1
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Inverse Matrix

Rules of inverse matrix
@ I"'=1Ibecause I - I =1
o (A1)' = Abecause A- A=A A =1
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Inverse Matrix

Rules of inverse matrix
o I"'=Tbecause I -I=1
o (A1) ' =Abecause A- A=A A=]
o (AT)' = (A7) because (A1)T-AT = (4-A1)T = [T =T and
AT-(A) =(A1-A) =1 =1
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Inverse Matrix

Rules of inverse matrix
o I"'=Tbecause I -I=1
o (A1) ' =Abecause A- A=A A=]
o (AN "= (A" because (A1) - AT =(A-A7") =17 =T and
AT (A=A A) =1 =1
e (A-B)'=B1.A'because A-B-B'-A'=JandB'-A~'-A-B=1
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Inverse Matrix

Rules of inverse matrix
o I"'=Tbecause I -I=1
o (A1) ' =Abecause A- A=A A=]
o (AN "= (A" because (A1) - AT =(A-A7") =17 =T and
AT (A=A A) =1 =1
@ (A-B) '=B1.-A'because A-B-B'-A'=JandB'-A"' - A-B=1
@ Not trivial: If A, B € R™*™ and there holds A - B = I then B is the inverse, i.e. B = A~!
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Inverse Matrix

Rules of inverse matrix
o I"'=Tbecause I -I=1
o (A1) ' =Abecause A- A=A A=]
o (AN "= (A" because (A1) - AT =(A-A7") =17 =T and
AT (A=A A) =1 =1
@ (A-B) '=B1.-A'because A-B-B'-A'=JandB'-A"' - A-B=1
@ Not trivial: If A, B € R™ ™ and there holds A - B = I then B is the inverse, i.e. B= A~!
@ Not trivial: If A, B € R™*™ and there holds B - A = I then B is the inverse, i.e. B = A~1
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Inverse Matrix

Rules of inverse matrix
o I"'=Tbecause I -I=1
o (A1) ' =Abecause A- A=A A=]
o (AN "= (A" because (A1) - AT =(A-A7") =17 =T and
AT (A=A A) =1 =1
@ (A-B) '=B1.-A'because A-B-B'-A'=JandB'-A"' - A-B=1
@ Not trivial: If A, B € R™ ™ and there holds A - B = I then B is the inverse, i.e. B= A~!
@ Not trivial: If A, B € R™ ™ and there holds B - A = I then B is the inverse, i.e. B= A~!

@ From the last two statements we conclude that it is sufficient to look for a matrix with
A-B=1
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Inverse Matrix

@ To illustrate the Gauss elimination for inverse matrix look at an example:
For matrix A = (11) find matrix A= = (2 %) such that

(21)-(2a) = (1)
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Inverse Matrix

@ To illustrate the Gauss elimination for inverse matrix look at an example:
For matrix A = (1 1) find matrix A~ = (¢ 5 such that

11 by _ (10
(21)'(§d)— (01)
@ This is equivalent to two linear systems (with same matrix)

(21)- (@) =(5) and (37)-(2)

(1)
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Inverse Matrix

@ To illustrate the Gauss elimination for inverse matrix look at an example:
For matrix A = (1 1) find matrix A~ = (¢ 5 such that

(21)-(£a)=(o%)
@ This is equivalent to two linear systems (with same matrix)
(31)- () =(5) and (57)-(3)=()
@ Solve both linear systems simultaneously

(21l9) and (3i[1) orshort (3{]57)
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Inverse Matrix

@ To illustrate the Gauss elimination for inverse matrix look at an example:
For matrix A = () find matrix A~ = (¢ &) such that

(21)-(¢a)=0(o¥)
@ This is equivalent to two linear systems (with same matrix)
(31)-(=(5) and (31)-(3)=(9)
@ Solve both linear systems simultaneously
(2116) and (31]9) orshort (5{[4?)

@ Use elementary row operations until
1 - - - -
(B84 o (D=3 e aT=(zh)=(31)
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Inverse Matrix

(=13 S

o Example. Compute the inverse of A = (

)

|
" N
|
- S
~—

Solution: ( -

—

1
2
2

[ F N 8]
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Inverse Matrix

2
@ Example. Compute the inverse of A = ( (1)

| |
—_—0 —
|
—No
~—

Solution: ( 7(1) 5 ?1)
-125
o Having the inverse matrix it is possible to solve linear systems (with unique solution)

A-i=f o Al.f=Al.A.F=1-F=%
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Inverse Matrix

2
@ Example. Compute the inverse of A = ( (1)

| |
—_—0 —
|
—No
~—

. 012
Solution: (71 2 4)
-125

@ Having the inverse matrix it is possible to solve linear systems (with unique solution)
AX=f o A'.f=A1 A¥=1%=X

@ But in most cases it is faster to use the standard Gauss elimination instead of inverse
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Inverse Matrix

2
@ Example. Compute the inverse of A = ( (1)

|
——
|
—NoO
~—

012

Solution: ( 12 4)
-125

@ Having the inverse matrix it is possible to solve linear systems (with unique solution)

Ai=f o Al.f=A"".A.F=1%=%

@ But in most cases it is faster to use the standard Gauss elimination instead of inverse

o Example. Use the matrix from the previous example and solve the linear system
ai=(})
3
8

Solution: ¥ = (15)
18

Discrete Mathematics and Algebra November 3, 2025 25/39



Inverse Matrix

o If A is not regular it is not possible to find the inverse matrix
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Inverse Matrix

@ If A is not regular it is not possible to find the inverse matrix

. 101
@ Try to find the inverse of ((1) (1) % )
Solution: inverse does not exist
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Inverse Matrix

@ If A is not regular it is not possible to find the inverse matrix
. 101
@ Try to find the inverse of ( (1) (1) : )
Solution: inverse does not exist

@ For all matrices there exists a pseudo inverse or Moore-Penrose-Inverse which has
similar properties as the inverse matrix (not here)
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Determinant

@ Definition (Determinant). The determinant of a squared matrix A € R™*™ js defined as
a function det: R"™*™ — R and A — det A where det A is defined via:

detA =A(1,1)-A(2,2)---A(m,m),if A is an upper/lower triangular matrix

o If B is the same matrix as A but two rows are exchanged then det B = —det A
o If B is the same matrix as A but one row is multiplied by a scalar 1 then det B = 1 - det A
o If B is the same matrix as A but a multiple of one row is added to another row then

det B = det A
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Determinant

Rmxm

@ Definition (Determinant). The determinant of a squared matrix A € is defined as a

function det: R — R and A — det A where det A is defined via:

detA =A(1,1)- A(2,2)--- A(m,m), if A is an upper/lower triangular matrix

If B is the same matrix as A but two rows are exchanged then det B = —det A

If B is the same matrix as A but one row is multiplied by a scalar A thendet B =1 - det A

If B is the same matrix as A but a multiple of one row is added to another row then det B = det A

@ Therefore, determinant is defined via the elementary row operations
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Determinant

@ Definition (Determinant). The determinant of a squared matrix A € R™*" is defined as a
function det: R"*™ — R and A +— det A where det A is defined via:
o detA=A(1,1)-A(2,2)--- A(m,m), if A is an upper/lower triangular matrix
o If B is the same matrix as A but two rows are exchanged then det B = — det A
o If B is the same matrix as A but one row is multiplied by a scalar A thendet B =1 - det A
o If B is the same matrix as A but a multiple of one row is added to another row then det B = det A

@ Therefore, determinant is defined via the elementary row operations
@ Appling the rules we get e.g.

28:)
det[[IHe6|=1-5-9=45
nma
() (E]E)
det{ 4 5 6 | =—det| 4 5
71819 (112]3)
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Determinant

@ Definition (Determinant). The determinant of a squared matrix A € R™*™ is defined as a
function det: R™*™ — R and A — det A where det A is defined via:

detA=A(1,1)-A(2,2)--- A(m,m), if A is an upper/lower triangular matrix

If B is the same matrix as A but two rows are exchanged then det B = —det A

If B is the same matrix as A but one row is multiplied by a scalar A then det B = A - det A

If B is the same matrix as A but a multiple of one row is added to another row then det B = det A

@ Therefore, determinant is defined via the elementary row operations

@ Appling the rules we gete.g.

IEE _
45 ¢ | =det 5 6 |=3-det|y 5%
7809 7 8 9 789
det | @ | = det =det | i@ @
78 9 78 9 78 9
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Determinant

@ Notation: Some people use |A| = det A but this can be misleading because of absolute
value: |detA| = [|A]]?
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Determinant

@ Notation: Some people use |A| = det A but this can be misleading because of absolute value:
|det Al =||A[|?

@ We did not really “define” the determinant we just showed its properties. But there is
more than one way to compute the determinant. From a mathematical point of view we
have to show that all computations lead to the same result (not here)
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Determinant

@ Notation: Some people use |A| = det A but this can be misleading because of absolute value:
|det Al =||A[|?

@ We did not really “define” the determinant we just showed its properties. But there is more
than one way to compute the determinant. From a mathematical point of view we have to
show that all computations lead to the same result (not here)

o Idea to compute the determinant: use elementary row operations to get upper triangular
matrix and then compute the product of the diagonal
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Determinant

@ Notation: Some people use |A| = det A but this can be misleading because of absolute value:
|det Al =||A[|?

@ We did not really “define” the determinant we just showed its properties. But there is more
than one way to compute the determinant. From a mathematical point of view we have to
show that all computations lead to the same result (not here)

@ Idea to compute the determinant: use elementary row operations to get upper triangular
matrix and then compute the product of the diagonal

o Example. Compute the determinant of

123 000 0
456), (456), |4
789 789 0

SN

3
6
9

Solution: 0,0, -72
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Determinant

@ A faster way for 2 X 2 matrices
det (¢%) = ad - bc

because if a # 0:

bc
det(‘c’f’l)zdet(a()d_bz:lc)=a-(d—7)=ad—bc
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Determinant

@ A faster way for 2 x 2 matrices
det(‘c’Z) =ad - bc
and if a = 0:

det (24) = det (1) = —det (§1) = ~be
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Determinant

@ A faster way for 2 X 2 matrices
det(gZ) =ad - bc

o Example. Compute det (% ﬁ)
Solution: —2
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Determinant

@ A faster way for 2 X 2 matrices
det(‘c’g) =ad - bc

e Example. Compute det (1 %)
Solution: -2

o Example. Show that the inverse of a 2 X 2 matrix is given by

-1 1 =1
(¢a) =g (%)
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Determinant

o A faster way for3 x 3 matrices - Rule of Sarrus

det (

R AR

b
Z?)=aei+bfg+cdh—gec—hfa—idb
1
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Determinant

@ A faster way for3 x 3 matrices - Rule of Sarrus

b -
det(?lz}) = aci+bfg+cdh - gec — hfa—idb
ghi
+ o+ o+
a b c
NX
d e f
X
g h 1

324
o Example. Compute the determinant of (% g g)
Solution: 8
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Determinant

@ For m x m matrices there is also the Laplace expansion (not here)
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Determinant

@ For m X m matrices there is also the Laplace expansion (not here)

@ Using our approach with elementary row operations is useful for larger matrices too
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Determinant

@ For m X m matrices there is also the Laplace expansion (not here)
@ Using our approach with elementary row operations is useful for larger matrices too

@ But in most cases determinants are avoided because they are computational expensive
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Determinant

@ For m X m matrices there is also the Laplace expansion (not here)
@ Using our approach with elementary row operations is useful for larger matrices too
@ But in most cases determinants are avoided because they are computational expensive

@ Determinants are used to compute eigenvalues, see next topic
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Determinant

For m X m matrices there is also the Laplace expansion (not here)

Using our approach with elementary row operations is useful for larger matrices too

°
°
@ But in most cases determinants are avoided because they are computational expensive
@ Determinants are used to compute eigenvalues, see next topic

°

Rules of determinant

o det A # 0 is equivalent to A is regular !!!

det (A-B) =detA -detB

det (A71) = I

det (AT) = detA

If we can get a zero row by using elementary row operations we can use:

“If B is the same matrix as A but one row is multiplied by a scalar A then det B = 1 - det A”

and therefore for 1 = 0 we get det A = 0-detA =0
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Eigenvalues

@ Definition (Eigenvalue, Eigenvector). For#A € R™>*m 1 e Cis called eigenvalue with
corresponding eigenvector v € C™ if v # 0 and

A-;:A-;
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Eigenvalues

@ Definition (Eigenvalue, Eigenvector). For A € R™™ A € C is called eigenvalue with
corresponding eigenvector v € C™ if ¥ # 0 and

A-v=a-V

@ Some applications of eigenvalues to see the importance:

o Optimization in higher dimensions: Eigenvalues show whether a critical point of a function
is a local minimum, maximum, or a saddle point.

o Data Science: The so called principal component analysis (PCA) can be used to reduce
dimensionality without loosing much information of a dataset. Eigenvectors correspond to
direction and eigenvalues to its variance/importance

o Resonance: Eigenvalues describe the natural frequencies of vibrating objects like guitars,
bridges, or skyscrapers. E.g. the collapse of the Tacoma Narrows Bridge, see
https://en.wikipedia.org/wiki/Tacoma_Narrows_Bridge_(1940)

o Quantum mechanics: The eigenvalues of the Schrodinger operator correspond to the
possible energy levels of an electron in a hydrogen atom, and the eigenfunctions correspond
to the probability distribution of the electron’s position.
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Eigenvalues

o Definition (Eigenvalue, Eigenvector). For A € R™ xm ) e Cis called eigenvalue with
corresponding eigenvector v € C" if v # 0 and

A.;:A.f}
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Eigenvalues

@ Definition (Eigenvalue, Eigenvector). For A € R"™*™ A € C is called eigenvalue with
corresponding eigenvector v € C™ if v # 0 and

A-V=2-V

o Equivalentto 1 € C,7 #0and A-¥ —1-5 =0
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Eigenvalues

@ Definition (Eigenvalue, Eigenvector). For A € R"™™ A € C is called eigenvalue with
corresponding eigenvector v € C™ if ¥ # 0 and

A-v=2-V

e Equivalenttod € C, 7 #0and A-$—1-3=0
o Equivalentto 1 € C,5 20and A-¥—1-1-% =0
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Eigenvalues

@ Definition (Eigenvalue, Eigenvector). For A € R"™™ A € C is called eigenvalue with
corresponding eigenvector v € C™ if ¥ # 0 and

A-v=2-V
e Equivalenttod € C, 7 #0and A-$—1-3=0
e Equivalenttod € C,3 #0and A-¥—A-1-5=0
o Equivalentto 1 € C,7 # 0and (A — AI)-% =0
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Eigenvalues

Definition (Eigenvalue, Eigenvector). For A € R"*" 2 € C is called eigenvalue with
corresponding eigenvector v € C™ if v # 0 and

e Equivalentto 1 € C, 3 # 0and A-¥—1-7=0

@ Equivalenttod € C, v # OandA-V—A-1-%

e Equivalentto 1 € C, v # 0 and (A=-aI)-v=0

@ v # 0, therefore this is equivalent to A € C and det (A — AI) = 0 and then if 1 is known
compute v # 0 by linear system (A — A1) -v =0
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Eigenvalues

0.5 0 0
o Example. Find all eigenvalues and corresponding eigenvectors of ( 8 0(.)55 —Ooés )

Solution: A1; = 0.5,v; = (:1:),/12 =0,v, = ( {l)]),/lg, =1,v3 = (({))
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Eigenvalues

. . L 0.5 0 0
o Example. Find all eigenvalues and corresponding eigenvectors of ( 0 0.5 -0.5 )
Solution: ;= 05,71 = (0), 42 =0.%= (1 }.43 = 1,73 = (1)

o Example. Find all eigenvalues and corresponding eigenvectors of (é %

() ]
~—

- 1 N 1 -
Solution: A; = 1,vy = (8),/12 =A3=3,v, = ((1)),1101)3
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Eigenvalues

. . L 0.5 0 0
o Example. Find all eigenvalues and corresponding eigenvectors of ( 0 0.5 -0.5 )
Solution: ;= 05,71 = (0), 42 =0.%= (1 }.43 = 1,73 = (1)

@ Example. Find all eigenvalues and corresponding eigenvectors of (

[l
SWN
W=

. N 1 - 1 -
Solution: 4; =1,V = (8) LAy =A3 =3,V = ((1)),n0 V3

o Example. Find all eigenvalues and corresponding eigenvectors of

Solution: A; = 1,171 = (é),/lz = A3 :3,172 = (({)),173 = (%)

SO -
SWN
woo
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Eigenvalues

. . o 0.5 0
o Example. Find all eigenvalues and corresponding eigenvectors of ( 0 0.5 —0.55)

N 1 N 0 N 0
Solution: A, = 0.5, 7, = (8),/12 — 0,7, = ( 11),43 — 1.7 = (})

. . . . 120
@ Example. Find all eigenvalues and corresponding eigenvectors of (8 (3) %
- 1 - 1 -
Solution: 4; =1,v; = (0) ,Ap = A3 =3,V = (1) no vj
0 0
. . . . 120
@ Example. Find all eigenvalues and corresponding eigenvectors of (8 (3) (3)

. N 1 N 1 N 0
Solution: 41 =1,v; = (8),/12 =A3=3,v, = ((l)),V3 = ((]))

o Example. Find all eigenvalues and corresponding eigenvectors of ( 1 1)
Solution: 41 = 1+i,¥1 = (1), =l =1-i,53 =% = (L)
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Eigenvalues

o If one eigenvalue 1 = 0 we get

detA =det(A—AI) =0
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Eigenvalues

@ If one eigenvalue 4 = 0 we get
detA=det(A-AI)=0

@ Conclusion: One eigenvalue is zero < the matrix is singular
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Eigenvalues

@ If one eigenvalue 4 = 0 we get
detA=det(A-AI)=0

@ Conclusion: One eigenvalue is zero < the matrix is singular
@ Conclusion: All eigenvalues are different from zero < the matrix is regular
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Eigenvalues

@ If one eigenvalue 4 = 0 we get
detA=det(A-AI)=0

@ Conclusion: One eigenvalue is zero < the matrix is singular
@ Conclusion: All eigenvalues are different from zero < the matrix is regular
o If A is regular and if A is an eigenvalue of A then % is an eigenvalue of A~1, because

R R 1. -
Av=Aly = /—lva_lv

Eigenvectors are the same
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Eigenvalues

o If one eigenvalue 4 = 0 we get
detA=det(A-AI)=0
@ Conclusion: One eigenvalue is zero < the matrix is singular

@ Conclusion: All eigenvalues are different from zero < the matrix is regular
o If A is regular and if A is an eigenvalue of A then % is an eigenvalue of A~!, because

A-P=47 = v=A"1%

-

Eigenvectors are the same
o Eigenvalues of A and AT are the same because we have to solve

det (AT — AI) = det ((A - AI)") = det (A — AI)

But eigenvectors are in general different
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Eigenvalues

@ Sum of all eigenvalues is equal to sum of all diagonal entries of A
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Eigenvalues

@ Sum of all eigenvalues is equal to sum of all diagonal entries of A

@ Product of all eigenvalues is equal to determinant of A
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Eigenvalues

@ Sum of all eigenvalues is equal to sum of all diagonal entries of A
@ Product of all eigenvalues is equal to determinant of A

@ v = 0 is never an eigenvector!!!

Discrete Mathematics and Algebra

November 3, 2025

36/39



Eigenvalues

@ Sum of all eigenvalues is equal to sum of all diagonal entries of A
@ Product of all eigenvalues is equal to determinant of A
e ¥ =0 is never an eigenvector!!!

o A symmetric matrix A € R™*™ has real eigenvalues and real eigenvectors.
Furthermore there are m orthogonal eigenvectors (we like that)
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Eigenvalues

@ Theorem. If a matrix A € R™*" with eigenvalues A1,. .., 4,, and m linearly independent
eigenvectors vy,...,V,,, then there exists a diagonalization of A, i.e. the A can be written
as

A=T-D-T!

where D is the diagonal matrix with eigenvalues in the diagonal

and T = ()71,...,17,,,)

Attention: We can change order of eigenvalues but then we have to do the same with the
eigenvectors!
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Eigenvalues
@ Theorem. If a matrix A € R™ ™ with eigenvalues A4, ..., A,, and m linearly independent
eigenvectors vy, . . ., V,,, then there exists a diagonalization of A, i.e. the A can be written as

A=T-D-T!

where D is the diagonal matrix with eigenvalues in the diagonal

and T = (Vyi,...,Vm)
Attention: We can change order of eigenvalues but then we have to do the same with the
eigenvectors!

o This can be applied to symmetric matrices, where the eigenvectors are orthogonal =
linearly independent
Furthermore: If we set length of eigenvectors to 1 we get T~! = T7 which is faster
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Eigenvalues

e Example. For our first eigenvalue example: Find D, T and T~! and check that there
holdsA=T-D-T.
Next set the length of all eigenvectors to 1 and show that the corresponding matrix 7'
satisfies A =T-D -T".
Maybe you want to use Python.

Discrete Mathematics and Algebra November 3, 2025 38/39



Eigenvalues

@ Example. For our first eigenvalue example: Find D, T and 7~! and check that there holds

A=T-D-T7 "
Next set the length of all eigenvectors to 1 and show that the corresponding matrix 7 satisfies
A=T-D-TT.

Maybe you want to use Python.
@ Use diagonalization to compute powers of A,i.e. A"
A*=(r-p-tT™Y-(r-p-T")=T-D-T""-T-D-T"'=T-D-1-D-T"

——
=1

=A =A
=T-D-D-T'=71-.-D*.T!
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Eigenvalues

@ Example. For our first eigenvalue example: Find D, T and 7~! and check that there holds

A=T-D-T7.
Next set the length of all eigenvectors to 1 and show that the corresponding matrix 7 satisfies
A=T-D-TT".

Maybe you want to use Python.
@ Use diagonalization to compute powers of A, i.e. A”
a=(r-p.t7)(r-p-7")=7-D- T TD.T'=T-D-1-D-T"

————
=1

=A =A
=T-D-D-T'=T7.D*>. 77!

e And analogously: A” =T -D" . T"!
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Eigenvalues

@ The computation of D" is trivial, e.g.

10
((1) ) = (1(1,0 2?0) = ((1)1(?24)

[ S X
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Eigenvalues

(()2) ( 0 210) ( ()24)

e Example. Use the setting of the previous example and compute A'° and A” for n — o

. 0.00097656 0 0 00 0
Solution: 0 05 —0.5)and (0 0.5 -0.5
0 -0.5 0.5 0-0.5 0.5

Discrete Mathematics and Algebra November 3, 2025 39/39



Eigenvalues

@ The computation of D" is trivial, e.g.
(10)10_(110 0 )_(1 0,)
02) T\ 20) T 01024

@ Example. Use the setting of the previous example and compute A'® and A" for n — oo

. 0.00097656 0 0 00 0
Solution: 0 0.5 -0.5)and (0 0.5 -0.5
0 —-0.5 0.5 0-0.5 0.5

o Example. Population of 3 species (plants, rabbits, foxes), see slides ‘“Population”
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Eigenvalues

@ The computation of D" is trivial, e.g.
(10)10_ 10 0 =(1,9,)
02) T\ 20) = Vo1024

@ Example. Use the setting of the previous example and compute A'® and A" for n — oo

. 0.00097656 0 0 00 0
Solution: 0 0.5 -0.5)and [0 0.5 -0.5
0 -0.5 0.5 0-0.5 0.5

o Example. Population of 3 species (plants, rabbits, foxes), see slides ‘“Population”

@ Our methods for eigenvalue/eigenvector computations are okay for really small matrices,
i.e. dimension 2 and sometimes 3
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Eigenvalues

e Example. Use the setting of the previous example and compute A'? and A” for n — oo

. 0.00097656 0 0 00 0
Solution: 0 0.5 -0.5)and [0 0.5 —0.5
0 -0.5 0.5 0-0.5 0.5

@ Example. Population of 3 species (plants, rabbits, foxes), see slides ‘“Population”

@ Our methods for eigenvalue/eigenvector computations are okay for really small matrices, i.e.
dimension 2 and sometimes 3

@ Use power iteration, QR-algorithm or other methods for real problems (implemented in
python - numpy.linalg.eig)
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